Abstract: Deterministic stresses are used to describe the unsteady effects on the ow eld in multistage axial ow compressors. In this paper, a circumferentially non-uniform mixing plane method implemented with deterministic stresses is used for the ow prediction inside the rear stage of an axial ow compressor in a multistage environment. The deterministic stress eld is calculated with an overlapped solution approach for the same ow passage and implemented with the Navier-Stokes equations in order to provide continuous interfaces. The aerodynamic boundary condition is simpli ed with the application of a repeating stage model where only the mass owrate and stage exit average static pressure are required. Two computational cases for the third stage of the Cran eld low-speed research compressor, one with the mixing plane model and the second with the mixing plane model in combination with deterministic stresses, are examined and compared with each other and also with corresponding experimental data. It is shown that the implementation of the deterministic stresses is bene cial for the ow prediction but the improvement in accuracy for low-speed axial ow compressor rear stages is not signi cant. 
NOTATION

INTRODUCTION
There are three major steady state numerical methods for the ow prediction of multistage axial ow compressors [1, 2] . The rst one is the successive analysis of blade rows where an analysis code for an isolated blade row is required. This method, used by several researchers, is numerically simple but it is dif cult to de ne the boundary conditions accurately and to keep the spanwise consistency of parameters at interfaces between blade rows. In addition, it ignores a lot of physical processes that may be important in real machines. The second one is the mixing plane model proposed by Denton [3] and Dawes [4] , where spanwise consistency for major aerodynamic parameters is maintained at blade row interfaces although some physics may be missed. This type of model provides rapid solutions and satisfactory results for multistage axial ow compressors with large axial spacing working near peak ef ciency. Unfortunately, large prediction errors may appear when the compressors operate at off-design conditions or the axial spacing is small. Adamczyk [5] introduced an average passage equation system for multistage turbomachinery ows, taking into account the unsteady effect in the steady state environment. Kirtley et al. [6] introduced a more general implementation of the average passage closure model and permitted the use of non-pure Hmeshes.
Fully unsteady simulation of three-dimensional ows in compressors has been developed signi cantly in recent years and can offer great advantages over steady state methods. Unfortunately, applications of unsteady methods to multistage compressors are still far beyond the capability of today's computers. With Adamczyk's approach the unsteady effect is taken into account in the steady state modelling by temporal and spatial averaging the governing equations. Such an approach for multistage simulations is within the capability of today's computers and, although it is more complicated than the mixing plane approach, it is still much more economical numerically than the fully unsteady approach. The benets of this approach were well proven in Rhie et al.'s work [7] where the mixing plane without body force approach (NASTAR-I) and the deterministic stress approach with body force (NASTAR-II) were applied to two three-stage real world compressors which had high pressure ratios and small axial gaps. Signi cant prediction improvement in accuracy was obtained with NASTAR-II as compared with NASTAR-I. In Adamczyk's average-passage equation system [5] , one of the dif culties in solving the system is how to obtain the deterministic stresses to close the system. Adamczyk [5] was the rst to suggest the idea of using overlapped solution domains, and Celestina et al. [8] , Rhie et al. [7] and LeJambre et al. [9] implemented this idea in their calculations. Sondak et al. [10] presented a 'lumped' deterministic stress model where the deterministic stresses are modelled with an inviscid timedependent simulation, which was also used by other researchers, such as Hall [11] . With the overlapped domain approach the ow in an extended computational domain must be predicted with the in uence of downstream blade row by implementing the body force and blade blockage effect of the downstream blade row. Rhie et al. [7] approximated the body force by projecting the blade surface pressure distribution to the blade chamber line but ignored the blade blockage.
At a working point near peak ef ciency, the ow in the rear stages of multistage axial ow compressors always demonstrates a repeating nature in terms of the spanwise distribution of aerodynamic parameters. On the basis of this physical phenomenon, a repeating stage model was rst introduced by Li et al. [12] to simplify the boundary conditions for the ow prediction of rear stages of multistage axial ow compressors.
In this paper, a circumferentially non-uniform mixing plane model based on the idea of Denton [3] with the addition of deterministic stresses is used for the prediction of the third stage of the Cran eld low-speed research compressor (LSRC). The ow eld in the compressor is predicted with an overlapped solution approach based on Adamczyk's averaged-passage equation system [5] and Rhie et al.'s approach [7] while a different approach for the body force modelling was developed. The blade blockage effect on the ow eld is approximated for the rst time with mass continuity applied to each of the blocked computational cells. The repeating stage model due to Li et al. [12] is applied in the simulation in order to simplify the setting of the boundary conditions. The predicted results are compared with another prediction with the mixing plane model for the same compressor stage, with the same boundary conditions but without the implementation of deterministic stresses. The results are also compared with experimental data.
GOVERNING EQUATIONS AND NUMERICAL ALGORITHMS
It is assumed that the ow in a low speed axial ow compressor is three dimensional, incompressible and steady in the relative frame of reference. Therefore, the governing equations are the continuity and momentum equations, i.e. the Navier-Stokes equations. In describing the ows in multistage turbomachinery, three averaging operators were applied to the Navier-Stokes equations [5] . The rst operator, known as the ensemble-averaging operator, decouples the unsteady ow features from the random uctuations. The second operator, the timeaveraging operator, averages out unsteady time-scales resulting from blade row aerodynamic interactions due to shaft rotation. The third operator is a passage-to-passage averaging operator which averages out the details of the passage-to-passage variation in the ow eld. In the present study, the aperiodic components of ow unsteadiness are ignored so the third operator is not applied to the governing equations. Applying the ensemble-and time-averaging operators to the governing equations produces the following average-passage Navier-Stokes equations in the non-orthogonal curvilinear coordinate system x i , iˆ1,2,3:
When the governing equations are solved in the ow eld where only the random unsteadiness is taken into account, the Reynolds stress ru' i u' j will appear in the term R ij which may be represented through the application of standard two-equation turbulence models, such as the k-e turbulence model [13] . This is the case when the mixingplane model is applied. If the governing equations are applied to the ow eld where both the random and time unsteadiness are taken into account, another deterministic stress term rû iûj will appear in R ij together with the Reynolds stresses. In order to calculate and implement the deterministic stresses conveniently, two of the non-orthogonal coordinates are aligned with the circumferential and radial coordinates of the cylindrical coordinate system. The near-wall regions are modelled through the use of the standard wall function approach. In the solution procedure, Stone's strong implicit procedure [14] is used to solve the momentum equations rst; subsequently a pressure correction equation [15] is solved to satisfy the continuity equation and update the velocity eld and nally the k and e equations are solved in turn.
REPEATING STAGE MODEL
In the multistage compressor environment, each rear stage of a multistage axial ow compressor behaves like a repeating stage of its neighbouring stages in terms of ow pattern. This assumption results in a repeating stage model [12] that can be used in ow simulations. It has the advantages that the inlet velocity pro le becomes the result of the simulation rather than boundary conditions and only the average static pressure downstream of the stage together with total mass owrate are required as global input. Figure 1 shows how the repeating stage model works. For a typical rear stage of a multistage axial ow compressor there are three mixing planes used to pass tangentially area-averaged information between neighbouring blade rows. It is assumed that the spanwise velocity pro le at the inlet is set to be the same as that at the stage exit. The total mass owrate is used to scale the inlet velocity pro le in order to maintain mass conservation during global iterations. Similarly, the inlet k and e pro les are set to be equal to those at the stage exit as they tend to be unchanged when the turbulent ow is fully developed. The way of setting the static pressure at the exit of the stage concerned is to maintain the same shape of spanwise static pressure distribution at the inlet and exit of the stage and to set the average static pressure at the stage exit to a prede ned value. The above setting also results in the similarity of the radial total pressure distribution at the inlet and exit of the stage. Further details are described by Li [16] and Li et al. [12] .
MIXING PLANE MODEL
A circumferentially non-uniform mixing plane model Proc Instn Mech Engrs Vol 215 Part A [16] for ow prediction of multiblade rows was used. The circumferential variation of aerodynamic parameters on both sides of the mixing plane is obtained with the method of Denton [3] . With this model, frames of reference are xed on the rotating blades for rotors and stationary blades for stators and the ow is supposed to be steady in the relative frame of reference. The mixing planes are chosen to be located midway between two successive blade rows. In order to transfer the information from one side of the mixing plane to the other the following procedure is used (Fig. 2) . Firstly, extrapolation is used to obtain the values of variables at the mixing plane from upstream or downstream points of the same grid block. Then area averaging is used to obtain uxes for different variables at different radial positions on both sides of the mixing plane. Finally, the uxes for each variable on both sides of the mixing plane are forced to be equal by scaling, according to the propagating direction of the variable and the ratio of uxes on both sides of the plane.
In the current study, the circumferentially non-uniform mixing plane model is only applied to the static pressure that propagates upstream and the k and e values that propagate downstream. A circumferentially uniform mixing plane is used to pass the area-averaged spanwise velocity pro le, which propagates downstream, from one side of the mixing plane to the other for simplicity, without taking into account the circumferential variation of the velocity eld at the inlet of a ow passage.
With the mixing plane model, circumferential variation exists on both sides of the plane for P s , k and e, and the consistency of mass, static pressure, velocity, k and e at the mixing plane is guaranteed. Unfortunately, although the mass continuity is conserved automatically because of the area-averaged method used, the continuity of momentum and that of total pressure are not guaranteed at the mixing planes. The in uence of these discontinuities may not be serious for the ow prediction of compressor stages working near peak ef ciency but could be signi cant at off-design conditions. With the introduction of deterministic stresses momentum and total pressure across the interfaces become continuous; this will be discussed further in the following section.
DETERMINISTIC STRESS CALCULATION
In this paper, the deterministic stresses are calculated with an overlapped solution approach based on the method of Adamczyk [5] .
Overlapped solution domain
The computational domains for a compressor rear stage in a multistage environment are illustrated in Figs 3 and 4. The grid for each blade row starts axially from its upstream mixing plane and extends to the downstream mixing plane of its following blade row. In the relative frame of reference of a blade row, the ow is simulated with the in uence of the downstream blade row by replacing the blade row with a body force and a blade blockage effect. The deterministic stress eld is calculated in the extended solution domain. In overlapped computational domains, all the grid lines in r-z (hub-totip) surfaces are aligned with each other and therefore the implementation of deterministic stresses and body force becomes straightforward. The blade wakes can also develop in the extended computational domain with periodic boundary without further mesh requirements.
Body force simulation
The body force is caused by the interaction between the ow and the blade row. It is associated with the inviscid Fig. 2 Mixing plane model [3] and viscous forces acting on the blades. The in uence of the body force is not only restricted to inside the area between the blades but also extended upstream and downstream. Adamczyk [5] and Rhie et al. [7] introduced different methods of approximating the body force. In this paper, an effort has been made to simulate both the inviscid and the viscous body forces in a different way [16] , which will now be described.
It is assumed that the body force contributes to the pressure change and part of the momentum change of the ow. Another contribution to the momentum change comes from the impact of blade blockage, which will be discussed in the next section. On the basis of this assumption, the body force acting on a control volume is the pressure difference around the volume surface plus centrifugal force. It is also assumed that the centrifugal force generated by rotating blades only exists inside the area between blades.
The circumferentially area-averaged cylindrical body force components for the rotor 3 and stator 3 domains are shown in Fig. 5 . The axial body force contributes to the pressure change and part of the momentum change in the axial direction. The circumferential body force contributes to the turning of the ow in the circumferential direction and the radial body force is responsible for the pressure and mass owrate distribution in the spanwise direction. This approximation has the advantage that the body force, including inviscid and viscous forces, can be easily simulated by calculating the circumferentially area-averaged pressure gradients and centrifugal force (for rotor blade rows) from the current ow passage and then implementing these in the calculation of the upstream blade computational domain. In the simulation procedure, the local pressure gradients in the current ow passage are rstly calculated in the three directions of the cylindrical coordinate system. Then circumferentially area-averaged pressure gradients at certain radii r are obtained with the following expressions:
where l R is the local blockage weighting function de ned by Adamczyk [5] :
where the meaning of y 1 and y 2 is shown in Fig. 5 . The purpose of l R is to average out the tangential pressure gradient on the whole tangential length, including the area occupied by blades, because this pressure gradient is supposed to be implemented in the calculation to change the tangential momentum in the upstream blade computational domain where the space of the blades is occupied by uid. Subsequently, the obtained area-averaged pressure gradients are projected locally in the x, y and z directions:
The circumferentially averaged body force generated by a blade row can only produce the average circumferential effect on the extended ow eld of its upstream blade row and therefore detailed tangential variation of the body force is smeared and the wake stretching effect cannot be reproduced.
Blade blockage effect
Blade blockage has an obvious in uence on the ow momentum inside the blocked area. When the ow area is partially blocked, the ow must run faster in the blocked direction in order to pass the unchanged mass owrate. A method of implementing the in uence of l R into the ow predictions was described by Adamczyk [5] .
In this study a simpli ed approximation of the blade blockage effect is introduced [16] . A typical control volume in the downstream computational domain of the blade row of interest is shown in Fig. 5 . When blockage occurs on a control volume, its effect is just like that due to ow passing through a control volume with a smaller cross-area (which is drawn in dotted lines) where the projected ow areas are reduced in the z and r directions and remain the same in the y direction. If it is assumed that the mass owrates in the z, r and y directions remain the same when the ow is blocked, the new velocity components in cylindrical coordinates are calculated on the basis of mass continuity in each direction: 
…8 †
The blade blockage effect contributes to another part of the axial momentum change inside the blade passages. Without this correction, the predicted momentum and total pressure in the extended computational domain covering the blade row following the current row will not be properly determined.
This approximation of the blockage effect is applied only after converged ow elds are achieved. The volume geometries used during the iterations are actually the same as those in the computational domains instead of the blocked ones so the velocity components u z , u r and u y during the computation are the combination of u' z l R , u' r l R and u' y respectively if expressed in cylindrical coordinates.
Deterministic stresses
In three dimensions, the local deterministic velocity uctuation can be expressed in a cylindrical coordinate system [7] aŝ
where u i is the ensemble-averaged velocity and u i is the time-averaged velocity calculated from:
where dAˆr dy dr and y 2 and y 3 are pitchwise angles for two neighbouring blades as shown in Fig. 5 . In order to include the deterministic stresses in the momentum equations, the calculatedû i …iˆr, y † may be projected onto the x and y directions: u xˆûr cos y ¡û y sin y …11 † u yˆûr sin y ‡û y cos y …12 † Consequently, the tangentially area-averaged deterministic stresses may be calculated as follows:
The calculated deterministic stress eld from the rotor 3 and the stator 3 computational domains are then implemented into the stator 3 and the rotor 3 domains respectively in case 2 ( Figs 3 and 4) , by shifting and interpolation, if required, where it is assumed that neighbouring stages have repeating ow features.
Deterministic stresses contribute to the correction of the momentum and make the spanwise continuity of momentum possible at interfaces, which can be expressed in incompressible ows by the following equation:
Correspondingly, the area-averaged total pressure is continuous as well at interfaces because of the compensation of the deterministic stresses applied:
APPLICATION, COMPARISON AND ANALYSIS
The compressor used in the present study is the Cran eld University four-stage LSRC. The mechanical details of the compressor are reported by Swoboda et al. [17] . Brie y, the machine consists of four repeating stages and the blades are of a modern controlled diffusion type which are designed to be representative of a high-speed compressor. In the case concerned, the rotor blades with 2 per cent blade height tip clearance and shrouded stator blades are selected. The main characteristics of the compressor are described in Table 1 . The major focus is on the third stage of the compressor, as the rst two stages serve to condition the ow into a steady and repeating behaviour and the fourth stage provides a typical downstream condition of a multistage environment. The experimental data were obtained during the Advanced Civil Compressor Aerodynamics (AC3A) project [18] .
Two computational cases were carried out for the third stage of the LSRC, one with the mixing plane model called case 1 (Fig. 1 ) and the other with the mixing plane model plus deterministic stresses called case 2 (Figs 3 and 4). In case 2, two computations are carried out repeatedly-the main computation which is the mixing plane approach implemented with deterministic stresses and the subcomputation where the overlapped solution approach is used to obtain the deterministic stress eld. For the subcomputation in case 2, both the inlet and the exit boundaries come from the main computation, Figs 3 and 4. Numerical tests proved that a certain grid density is required in order to obtain a mesh-independent solution while denser grids signi cantly increase the computational time. In this study, two-block grids for the rotor ow passage with a total of 118 875 nodes for the mixing plane approach and 182 275 nodes for the overlapped solution approach are used for the rotor passage to take into account both the major ow and the tip clearance ow precisely. Single-block grids with 91 875 nodes for the mixing plane approach and 140 875 nodes for the overlapped solution approach are used for the stator ow passage with shrouded blades. The grid dimensions and node numbers are listed in Table 1 . The grid layouts of the third stage for both approaches are shown in Figs 6 and 7.
A Neumann boundary condition is imposed for the velocity at the exit and for pressure at the inlet of the computational domains. On all solid surfaces, a no-slip condition is used for velocity and a zero gradient condition for pressure is implemented. Periodic conditions are applied on both sides of upstream and downstream blade extensions. The cylindrical interface between two blocks is treated by means of halo cells extended from one block into the interior of the adjacent one. Interpolation is used to exchange information between the two blocks. The repeating stage model is applied to both cases to simplify the boundary setting (Figs 1, 3 and 4) . The deterministic stresses are calculated and implemented in the ow elds as shown in Figs 3 and 4.
Two types of convergence criteria must be satis ed for a converged solution. One refers to the numerical convergence criterion for the governing equations for each blade row, which is satis ed when the residuals of all the governing equations are suf ciently small. The other is the physical convergence criterion for the global iterations, which is satis ed when the physical ow quantities become consistent at the interfaces. Underrelaxation is used to enhance the convergence both locally and globally.
The computational time requirement for each inner iteration is approximately 5.0 s for the mixing plane approach and 7.5 s for the overlapped solution approach on a DEC ALPHA. In case 2 the subcomputation is carried out at every ve global iterations of the main computation. Typically, a maximum number of 5000 inner iterations is used locally for each blade row to satisfy the numerical convergence criteria of the governing equations and about 15-20 global iterations are required for global convergence. Compared with the original mixing plane approach (case 1), the mixing plane model combined with deterministic stresses (case 2) requires around 60 per cent more central processing unit time for the calculation owing to the extended computational domains and the subcomputation for the deterministic stress elds. Performance comparisons of the two computational cases of the LSRC third stage with experimental data are carried out at the operating point of peak ef ciency, at rotor 3 inlet, the interface between rotor 3 and stator 3, and stator 3 exit. The comparisons are performed in terms of total pressure, static pressure and velocity components, based on available experimental data from the AC3A project [18] where total pressure, static pressure and ow angle distributions were directly measured whereas the velocity components were calculated from them.
The predicted area-averaged static and total pressure distributions in the axial direction of the compressor stage are presented in Fig. 8 . Compared with the experimental data, good agreement between predictions and experimental data is shown in the gure although small discrepancies exist. Sudden changes of the pressure near the blade leading and trailing edges re ect the strong interaction between the ow and the blades. The total pressure difference on both sides of the mixing plane is very small, showing that the resulting discontinuity of the momentum from the mixing plane model in case 1 is negligible at peak ef ciency. It also shows that there is very little difference between the two predictions in most of the axial positions except in the upstream extension of the rotor blade row where case 2 gives a better result.
The predicted spanwise distributions of velocity components from both computational cases match very well the experimental data for most of the blade span at three axial stations (Fig. 9 ) although with some discrepancies in the area between 80 and 100 per cent span near the blade tip. These discrepancies are probably due to numerical inaccuracies in resolving the complex, unsteady tip clearance ow, which is a common problem of most computational uid dynamics (CFD) methods. Very little difference in the spanwise velocity distributions between the two predictions is shown.
Both computational cases give good predictions for the spanwise static pressure distributions at the stage inlet, the interface between the two blade rows and the stage exit with a slight over-estimation of static pressure at the inlet of rotor 3 and under-estimation of static pressure at its exit (Fig. 10) . These discrepancies also contribute to the discrepancies in the total pressure at the same area. At the rotor 3 inlet, case 2 provides a better prediction of the spanwise static pressure distribution than case 1. The   Fig. 9 Comparison of spanwise velocity distribution at rotor 3 inlet, rotor 3 exit and stator 3 exit Fig. 10 Comparison of spanwise pressure distributions at rotor 3 inlet, rotor 3 exit and stator 3 exit sudden drops of the experimental static pressure near the outer casing are not physical and are susceptible to measurement error due to the presence of the solid walls [19] . The spanwise total pressure distributions are well predicted for both cases as compared with experimental data except for the area between 80 and 100 per cent span, whereas case 2 gives better prediction of the spanwise total pressure distribution in the area between 0 and 80 per cent blade height. The compressor involved in the present study is a low speed research compressor, the ow is assumed to be incompressible and the total pressure is calculated using static pressure and velocity values so the discrepancy of total pressure near the blade tip is caused by the inaccurate prediction of velocity distribution in that area.
Compared with case 1, an obvious improvement of the static and total pressure distribution and very slight improvement in the velocity distribution in the upstream extension of rotor 3 are obtained in case 2 owing to the implementation of the deterministic stresses. Almost no improvement is obtained for all the parameters downstream of the leading edge of rotor 3. Generally speaking, the bene ts obtained from the implementation of deterministic stresses for the ow and performance prediction of the whole stage are not signi cant. This may be due to the magnitude of the deterministic stresses illustrated in Figs 11 and 12 which present the principal tangentially area-averaged deterministic stress components. The deterministic stresses reach maximum values near the trailing edge of the upstream blade row, deteriorate rapidly downstream and become very small at the interfaces. This means that, for this low pressure compressor, the non-uniformity of the ow generated by an upstream blade row is mixed out rapidly and the bene t from the implementation of the deterministic stresses is not obvious, as can be seen from the performance comparison in Figs 8 to 10.
CONCLUSIONS
The overlapped solution approach is an effective steady state method to simulate deterministic stresses. The developed method for simulating the body force with pressure gradients is effective in the simulations and simple to program. The blade blockage effect is approximated successfully in the compressor ow simulations for the rst time with mass continuity applied to each of the blocked computational cells and good agreement of axial pressure and velocity distributions has been obtained in the overlapped computational domain.
The in uence of deterministic stresses on the ow prediction is not signi cant for low speed axial ow compressors. The application of the repeating stage model effectively simpli es the boundary conditions and provides satisfactory results. The predicted performances with both the mixing plane model and the mixing plane model in combination with deterministic stresses match the experimental data very well. 
